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This paper provides explicit estimates of the eigenvalues of the covariance matrix of an
autoregressive process of order one. Also explicit error bounds are established in closed form.
Typically, such an error bound is given by & =(4/(n+1)*p?sin(kn/(n+1)), so that the

annrmnmatmnq |mnrnw= as the size of the matrix increases. In nthPr words, the accuracy of the

214K v arRiar)

approxlmatlons increases as direct computations become more costly.

1. Introduction

Consider the autoregressive process of order one,
Yi=pY_,+e, teZ,

where p is real with [pl <1, ¢, is stochastically uncorrelated with the other ¢’s

and with all Y, for s<t. Moreover, e, has zero mean and variance ¢>. The
time series V converges as t—o0 to a cfﬂhnnnrv time qprwe because [nl <1

LAIIIC SUTIGS LLLYLILE SstaniQiialy W00 SCLII0s, UCLause P 2.

The nxn covariance matrix of n observations has the form a(1—pH)~'r,
where I'=T", , is the matrix with kth row vector

k—1 _k

P L L L, o R R, k=1,...,n.

Sometimes, e.g. in connection with power comparisons of a test of the
hypothesis p=p, [cf. Dickey and Fuller (1979)] or in the spectral theory of
time series [cf. Fuller (1976, ch. 4)], it might be useful to have information on
the eigenvalues of I' in explicit form. However, there appears to be no
explicit form for the eigenvalues [see Grenander and Szegd (1958, p. 70)],
except for the trivial case p =0, which we shall exclude from now on. In this
paper we intend to give certain approximations of the eigenvalues of I,
which are especially useful in case » is large; for small n an easy algorithm is

aval ilohla for avartly calanlating the atganva liiag
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*The author wishes to express his gratitude to the referees whose comments led to substantial
improvements of the presentation.
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In order to obtain information on the eigenvalues of I', we consider the
tridiagonal n x n matrix

.2 :
= Lapt —p T )

\ 1+P2 '_p/
C 0 0 " —p 1
It seems reasonable to compare the eigenvalues y, of (1 —p%)I" ! with those

of a slightly perturbed mairix, chosen in such a way that its eigenvaiues can
be given explicitly. With this in mind, we consider the n x n matrices

1

MEEmO) = MO = (1 — p))I = + plp + O)E, @

where 6= —1, 0 or 1, and E:=diag(1,0,...,0,1). The eigenvalues v{#"® and
corresponding eigenvectors of M®#%@ can be given explicitly, as we shall see
in section 2. It is reasonable to expect that the Rayleigh Quotient of the

Armalizad atgenusatar v carrecenanding fa VSIBN0) with racnman tha mateiv
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(1—pAI ™1 [cf. Wilkinson (1965, ch. 3, §54)], ie.,
G = xi(1 - p)I ~1x,,

provides a better approximation to g, than v{#"® does. Hence we are 1cd to

the following approximations of the elgenvalues w of (1—p3I' "1 (the w’s are
arranged in increasing order as p>0 and in decreasing order as p<0).

_ 2

Ge==p+_p(1—p), k=1,
k—1 2 k—1)n

_1—2pcos( i +p?+= p(l-p)(l-{—cos( n) >, k=2,..,n,

kn 4 kn

{ =1—2pcos +1+p ———+1—p ( n+1> , k=1,...,n, (3)
k 2 k

C,f=1—2pcos—n7£+p2—;p(1+p)(1—cos§), k=1,..,n—1,

2
=(1+p)2—;p(1+p), k=n.
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The corresponding error bounds for y, are given by

_ (2}
& =<;> (l—p)’ k=1,

4 \* _  knm
w~(g) iy ket @
4\t .k
ek*:(“) o1+ p)sinZ, k=1,..,n—1,
n 2n
2\ %
n
Because 4, =(1—p?)/u,, the error bounds for 4, are accordingly given by
expressions like (1—p?)e,/{?, where if necessary + or — superscripts are

added.

These error bounds show that for increasing n the approximations
improve. For small values of n, it is not difficult to find good estimates by
direct calculation, as we shall see in the next section.

2. Exact evaluation of eigenvalues

In this section we present an algorithm for the exact computation of the
eigenvalues u, of (1—p?)I'"! and thus also of the eigenvalues 4, of T,
because 4, =(1 —p?)/u,. The algorithm is based on well-known facts, most of
which are easily accessible in the literature [cf. Grenander and Szegé (1958,
ch. 5)]. Nevertheless we shall provide short proofs because they have a
bearing on the arguments used in the next section.

Assume that u is an eigenvalue of (1—p?)I" 1. We introduce « by putting
pu=1+2pa+p? Then

O=det(ul —(1—pHI'™ Y

2p0+p> p 0.l 0
p 29.01 P :
0 p e e : .
= c-. . T X = "A,,OC.
: L o P A4()
“2p0"p
[+ IR 0 ~p 2p0+p?
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Consequently, the values of u are in one-to-one correspondence with the
roots of the equation 4,(x)=0 in the variable x.

In order to obtain a manageable expression for 4,(x), we proceed as
follows. For each neN, let U,x) be the unique nth degree Chebyshev

— 1 Tt 1 11
polynomial of the second kind, normalized by U l)=n+1. It is a well-

known fact [for general information on the Chebyshev polynomials, see
Abramowitz and Stegun (1965) and Rivlin (1974)] that U (x) may be written
as

2x 1 0., 0
1 2x 1 :
0o 1 ;
U(x)= : g
0 e 01 "2x

By direct evaluation of the defining determinant for 4,(x), we find that

An(x) = Un - Z(x)pz + 2Un* 1(x)p + Un(x)’

identically in p and x. In order to locate the roots of 4,(x)=0, we consider
the zero’s of the Chebyshev polynomials U,(x). We define

3

6}{"”)::005—,{L for k=0,1,..,n+1 and neN.
n+1

Since U (x}=sin(n+ 1)f/sinf if x =cosf(— 1< x < 1), it follows that

Now we are in a position to prove:

Proposition 1. The polynomial A, of degree n has exactly n simple zero’s
Op,...%, in the interval {—~1,1). If —l<a, <a,<...<a,<1, then for
k=1,...,n we have

wel i =EMN, 05 i 0<p<ld,
el =& L E Y if —1<p<0.
Moreover,

. . ‘1 .
lim o, =&, limo, =&"4Y),,  limo,=E&",, .

pl—1 p—0 ol
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Proof. The Chebyshev polynomials U, (x) satisfy the recurrence relation

U, (x)=2xU,_1(x)— U, 5(x).
Since

A,,(X) = U", 2(x)p2 + 2Un* l(x)p + Un(x)> Un'~ l(ig(n)) =0 for

-
s
(oY

-
K=

we find that for these values of k,

VAL

4G =(—= 1 {1 = p?),
A,)=n(1+p)P+1—p?,
A=) =(=1y{n(1 —p)* +1—p*}.
Consequently,
A"(cf}‘"ll)-An(éi';’)<O for k=1,...n

This shows that 4, changes sign at least n times on the interval (—1,1).
Because 4, is a polynomial of degree n, this means that A, has exactly n
stmple zero’s in (— 1, 1). Moreover,

%y k1 €S ={
Because (k—1)/n<k/n+1)<k/nfor k=1,...,n, we see that
&rtled,.
Furthermore,
ALEPT Y =2p(— 1)L 4 pEPT 1),

Hence

ALETTY) A(E) = = 2p(1 = p?) 1+ pE V)
and p have opposite signs. This proves that
gel, O0<p<l and oel;, —1<p<0.

{Ma + i +1 f TTqs
Clearly, «, is a continuous function of p. Using the definin

relation for the Chebyshev polynomials, the limits lim,_ o, are now easily
calculated. Q.E.D.

OQ
-
[q
C
[
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These results make it possible to construct a simple algorithm for the
direct computation of the u’s. Indeed, this proposition gives a set of n
disjoint intervals I, (or I;) with the following properties:

(i) each interval contains precisely one (simple) zero of 4,, and
(i) the signs of the values of A, at the end points of each interval are
opposite.

Thus the rule of False Position (Regula Falsi) is suitable for application in
each interval. In order to avoid slow convergence, which may happen when
an interval is reached on which the function 4, is convex or concave, a
refinement of the Regula Falsi method can be used, for instance the so-called
Illinois algorithm [see Rabinowitz (1970, p. 25)].

We programmed the TI-59 pocket calculator accordingly and we found
that for given n, p and precision n=10"19, it took approximately one minute
computation time to calculate each p, independent of the size of the
matrix I'.

3. Approximations and error bounds

In order to approximate the eigenvalues of the matrix (1 —p?)I' ™!, we need
the eigenvalues and corresponding eigenvectors of the matrices M4 =
(1—p3I 1 + p(p + S)E explicitly.

Let v=1+2pB+p? be an eigenvalue of M*#*®, As in the previous section,
we deduce that

UB=0, 6=0 and (B+d)U, (=0, s==1.

This yields:

s

Proposition 2. The matrix M¥#® has eigenvalues vi®®, k=1,...,n, with

corresponding orthogonal eigenvectors XJ#®  with  components ,\‘_';if““”,
Jj=1.. .,
o=—1
_ (k—Dr
vp =1+42p"  +p?=1—2pcos - +p2,
2i—1}k—1)n
X =COS8 -———~———( 71X )

2n ’

[xilla=nt |xcll.=Gn? for k1.
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§=0
(n+1) 2 kn 2
vie=1+2p805 ) +p =1‘2PC°Sn+1+P »
X5 =sIn ki
T
”xk”2 =@3(n+ 1)
é=1

kn
ve =142pE0  +p*=1 —2pcos—n~+p"‘,

+

. (2j— k=
X =sin————,

2n
il =6m# for k+#n, x5 [l.=nt

We omit the derivation of the eigenvectors. Although somewhat tedious, the
calculations involved are elementary. Note that M (6=0) is the nxn
covariance matrix of a moving average process of order one and that v,
given in Proposition 2 agrees with the value given in Grenander and Szegd
(1958, p. 67).

It is not difficult to see that the cases =1 and 6= —1 are very similar.
Indeed, changing p into —p and k into n—k+1 has the effect of
transforming d =1 into d= —1 and vice versa.

From now on we shall, for obvious reasons of simplicity, drop the sign of
& whenever there is no risk of confusion. So v, can also mean v} or v, etc.

Using v, as a first approximation of y,, standard perturbation theory
indicates that the Rayleigh Quotient of x, with respect to the matrix
(1—pHI 1Y ie,

Ge=L0x)=x(1 ‘pz)rlek/“xk”%:
is likely to give a better approximation to the eigenvalue g, of (1—p*)I' ™!
than v, (the corresponding indices of {;, x4 and v, indicate that their

orderings agree); see Wilkinson (1965, ch. 3, §54, p. 172). Clearly,

Ge=vi—plp+0)xi+ xr?k)/‘lxk“%:

and this expression directly leads to (3).
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To establish the error bounds in (4) we proceed as follows.

From now on we assume p to be positive. This gives no loss of generality,
because changing p into —p can be effected by changing the sign of 6 and
reversing the order of magnitude of the eigenvalues, e.g., v/ (—p)=v,_r.1(p),
il —p)=t,—+1(p) and also {}(—p)={,_r+{p). Since we have assumed p to
be positive (0<p < 1), the eigenvalues v, of M as given in Proposition 2 are
arranged in increasing order. If we agree to a similar ordering of the u’s
(U, <p,<...<p,), then by the Courant-Fischer theorem [cf. Ortega (1972,
3.3.2, p. 57)] we have

v — sl Z[|plo + OEl|, =plp+08) for k=1,...n.

Moreover, it is an easy consequence of the Wielandt-Hoffman theorem [cf.
Wilkinson (1965, ch. 2 §48, p. 104)] that

. 2\¢
min v, — | < (—> plp +9).
k n

This gives approximately the right upper bound for all absolute differences
]vk—uk[ as we shall see presently. Define

e =|{(t=p ) = vl 1 x| |x ]2

This way we obtain formulae (4).
From elementary linear algebra we use the following result:

Let A be a symmetric nx n matrix and let x € R” be a given vector normalized
by ||x|l,=1. Then for every A e R,

min 21— 4| S{lAx—20x| 2,
A

where A runs through all eigenvalues of A. Moreover, “Ax—).x”2 is minimized
by A=x'Ax.

A proof may be found in, e.g., Fox (1964, p. 279).
Application of this result yields
min \#i - Vkl Sé

and thus

I#k"vk' <¢ and ‘.uk_CIJ =g,

provided ¢, is small enough.



R.J. Stroeker, Eigenvalues of a covariance matrix 277
Clearly, to proceed from here, we need additional information on the
separation of the eigenvalues y, of (1—p3)I'~1. Or, as we do not know the
1’s, we could try the computable quantities defined by
nk::minICi—Ck"
i#k
Indeed, 7, > 2¢, for all k, implies that the g,-neighbourhoods of the {;’s are

mutually disjoint and hence

lwe—Ci| <& for all k. 5

To improve upon this estimate, we assume that x,>2¢ for all k.
Consequently, if ¢ =2 max, ¢, and min, 5, > 2¢, we have

minl#i —“cklé’?k—5>8-
itk

Now let {y,,...,y,} be an orthonormal basis of R” consisting of eigenvectors
of (1—p3I'~}, so that

( —PZ)F_ 1J’k = MY

Put
xk/llxkl]2=i§1 any; for all k.
Then
i:i a2=1 and §k=ii i
Now

21— =G flellalla= 3. Gn-CPa
2(n,—e) _: i’#k lﬂi— Zk’“izk 2 (m ‘3)’111:—(1«'“1%:('

Hence, for k=1,...,n, we have |, —{i| S&l/(n, —€)a@ and this gives

'ﬂk_Ckl <& /m—2e), {6)

J.Econ— B
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because

=i Y ahzl-(n—0)? ) (u—L)

i=1,i%k
21— (mc—e) ef 21— (m,—) " %6 > (m,— 2e)/(m,—e).

Obviously, if n,>¢, then (6) gives a better upper bound than (5). From the
expression for {, it can be seen that basically u,/p is independent of p. This
enables us to express the error bound in terms of p. We summarize our
results in the following theorem:

Theorem. Let Ay,2,,...,4, be the eigenvalues of T, ,. Put p,=(1—p?)/i,
k=1,..,n Let {, and &, be corresponding quantities as in (3) and (4).
Define

me=min|{;—{,| and e=maxlg,).
i#k k

Assume

n:=minn, > 2e,
k

then

=0 Smin ey, /0 —20),  k=1,...m

This implies in particular, provided n > ¢, that
) m=0 +0p(1-p?), p11,

() =0+ 0%, p—0,

(i) =0 +00(1+pY),  pl -1,

where the constants involved can be effectively computed.

On the whole, one may expect the Rayleigh Quotients (@ to give good
approximations of y,, especially when n is not too small. For small values of
the parameter p, the Rayleigh Quotient {, is rather precise; if p is close to 1,
it is advisable to use {, and likewise one should take {; in case p is close to
-1

It is not difficult, using the Propositions 1 and 2 and the Theorem, to
work out exact error bounds for the approximations (1—p?)/{, of 4,. We
leave the details to the interested reader.



R.J. Stroeker, Eigenvvalues of a covariance matrix 279

References

Abramowitz, M. and L.A. Stegun, 1965, Handbook of mathematical functions (Dover, New
York).

Dickey, David A. and Wayne A. Fuller, 1979, Distribution of the estimators for autoregressive
time series with a unit root, JASA 74, no. 366, 427-431.

Fox, L., 1964, An introduction to numerical linear algebra (Oxford University Press, Oxford).

Fuller, Wayne A., 1976, Introduction to statistical time series (Wiley, New York).

Grenander, U. and G. Szegd, 1958, Toeplitz forms and their applications (University of
California Press/Cambridge University Press).

Kace, M., W.L. Murdock and G. Szegd, 1953, On the eigenvalues of certain Hermitian forms,
Journal of Rational Mechanics and Analysis 2, 767-800.

Ortega, J.M., 1972, Numerical analysis: A second course (Academic Press, New York).

Rabinowitz, Ph., ed., 1970, Numerical methods for nonlinear algebraic equations (Gordon and
Breach, London).

Rivlin, T.J., 1974, The Chebyshev polynomials (Wiley, New York).

Wilkinson, J.H., 1965, The algebraic eigenvalue problem (Clarendon Press, Oxford).



